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SPECTRAL GEOMETRY OF RIEMANNIAN LEGENDRE FOLIATIONS
GABRIEL BA˘DIT¸OIU, STERE IANUS¸, AND ANNA MARIA PASTORE
Abstract. We obtain geometric characterizations of isospectral minimal Riemannian
Legendre foliations on compact Sasakian manifolds of constant ϕ-sectional curvature.
1. Preliminaries
Let F be a Riemannian foliation on an m-dimensional compact Riemannian manifold
(M, g). We denote by L and Q = L⊥ the tangent and normal bundles of F , and that gives
the decomposition of the tangent bundle TM = L⊕ L⊥. Let ∆g be the Laplace operator
associated to g and let ∇ be the Bott connection of the normal bundle Q = TM /L
(see [16, pp. 20-21]). The Jacobi operator J∇ of F , defined by J∇s = (d∗∇d∇ − ρ∇)s for
any s section of the normal bundle, is a second order elliptic operator (see [15]). The
compactness of M implies that the spectra of ∆g and J∇ are discrete. Using Gilkey’s
theory ([8, 14]), one can write their associated asymptotic expansions:
Tr e−t∆g =
∞∑
i=1
e−tλi
t˜ց0
(4pit)−
m
2
∞∑
s=0
tsas(∆g)
Tr e−tJ∇ =
∞∑
i=1
e−tµi
t˜ց0
(4pit)−
m
2
∞∑
s=0
tsbs(J∇)
where
as(∆g) =
∫
M
as(x,∆g)dvg
bs(J∇) =
∫
M
bs(X,J∇)dvg
are invariants of ∆g and J∇ depending only on their corresponding discrete spectra
Spec(M, g) = {0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λi ≤ . . . ↑ ∞}
Spec(F ,J∇) = {µ1 ≤ µ2 ≤ . . . ≤ µi ≤ . . . ↑ ∞}
We restrict our attention to the first coefficients as and bs for s ∈ {0, 1, 2} which encodes
certain properties of the spectral geometry of (M,F). We recall the following theorem
from [8, 11].
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Theorem 1.1. Let F be a Riemannian foliation of codimension q ≥ 2 on a compact
Riemannian manifold (M, g). Then
a0(∆g) = a0 = V olg(M)
a1(∆g) = a1 =
1
6
∫
M
τdvg
a2(∆g) = a2 =
1
360
∫
M
(2‖R‖2 − 2‖ρ‖2 + 5τ 2)dvg
(1.1)
b0(J∇) = b0 = qV olg(M)
b1(J∇) = b1 = qa1 +
∫
M
τ∇dvg
b2(J∇) = b2 = qa2 + 112
∫
M
(2ττ∇ + 6‖ρ∇‖2 − ‖R∇‖2)dvg ,
(1.2)
where R, ρ are the Riemann and the Ricci tensor fields, τ is the scalar curvature of g,
and R∇, ρ∇, τ∇ are those associated to the Bott connection ∇ of the transverse bundle
Q = TM /L.
The following theorem, due to Nishikawa, Tondeur and Vanhecke [11], is fundamental
for the spectral geometry of a Riemannian foliation.
Theorem 1.2. Let (M, g) and (M0, g0) be two compact Riemannian manifolds endowed
with Riemannian foliations F and F0 of codimensions q and q0, respectively. If F and
F0 are isospectral, that is
Spec(M, g) = Spec(M0, g0), Spec(F ,J∇) = Spec(F0,J∇0),
then the following hold:
i) dim M = dim M0 , Vol(M) = Vol(M0) , q = q0,
ii)
∫
M
τdvg =
∫
M0
τ0dvg0 ,
∫
M
τ∇dvg =
∫
M0
τ∇0dvg0,
iii)
∫
M
(2‖R‖2 − 2‖ρ‖2 + 5τ 2)dvg =
∫
M0
(2‖R0‖2 − 2‖ρ0‖2 + 5τ 20 )dvg0,
iv)
∫
M
(2ττ∇ + 6‖ρ∇‖2 − ‖R∇‖2)dvg =
∫
M0
(2τ0τ∇0 + 6‖ρ∇0‖2 − ‖R∇0‖2)dvg0.
We recall that in the one-codimension case the isospectral Riemannian foliations are
completely determined by the spectrum of ∆g and for this reason we shall assume through-
out the paper that the codimension q ≥ 2.
2. Spectral Invariants of a Riemannian Legendre foliation
In this section we compute the spectral invariants as, bs, for s ∈ {0, 1, 2} of a Rie-
mannian Legendre foliation with minimal leaves on a Sasakian manifold M of constant
ϕ-sectional curvature and then we obtain certain geometric properties of two such isospec-
tral Riemannian foliations. First, we recall the notion of Riemannian Legendre foliation.
Definition 2.1. Let M be a (2n + 1)-dimensional compact manifold endowed with a
Sasakian structure (ϕ, ξ, η, g) and let D = Ker η = Imϕ be the 2n-dimensional distribu-
tion on M orthogonal to the 1-dimensional distribution generated by ξ. A Riemannian
foliation L on M is said to be a Riemannian Legendre foliation if the leaves are
n-dimensional and Lx ⊂ Dx, for each x ∈M . Note that ϕ(L) ⊂ L⊥.
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Let (M,ϕ, ξ, η, g) be a Sasakian manifold of constant ϕ-sectional curvature c and of
dimension 2n + 1 ≥ 5. We recall that ϕ is an endomorphism of tangent bundle, ξ is a
vector field on M , η is the 1-form dual to ξ with respect to g, satisfying:
ϕ2 = −I + η ⊗ ξ, η(ξ) = 1, ϕ(ξ) = 0, ϕ(η(X)) = 0,
g(X, Y ) = g(ϕ(X), ϕ(Y )) + η(X)η(Y ),
∇MX ξ = −ϕ(X), (∇MX ϕ)(Y ) = g(X, Y )ξ − η(Y )X,
for any vector fields X , Y . By [3], its curvature tensor is given by
R(X, Y )Z = c+3
4
{g(Y, Z)X − g(X,Z)Y }
+ c−1
4
{g(Z, ϕY )ϕX − g(Z, ϕX)ϕY
+2g(X,ϕY )ϕZ − g(Y, Z)η(X)ξ + g(X,Z)η(Y )ξ
−η(Y )η(Z)X + η(X)η(Z)Y } ,
(2.1)
and its Ricci tensor and scalar curvature satisfy
(2.2) ρ(X, Y ) =
n(c+ 3) + c− 1
2
g(X, Y )− (n+ 1)(c− 1)
2
η(X)η(Y ) ,
(2.3) τ =
n
2
(2n+ 1)(c+ 3) +
n
2
(c− 1) .
Let L be a Riemannian Legendre foliation on M and (ei, ϕei, ξ), i ∈ {1, . . . , n} be a local
orthonormal basis of TM adapted to the foliation L, which means that (e1, . . . , en) is a
local basis of L and (ϕe1, . . . ϕen) is a basis of ϕ(L). The curvature tensor writes as
R(ei, ξ, ek, ξ) = R(ϕei, ξ, ϕek, ξ) = δik,
R(ei, ej, ek, em) = R(ϕei, ϕej , ϕek, ϕem) =
c+3
4
(δikδjm − δimδjk),
R(ei, ej, ϕek, ϕem) = R(ϕei, ϕej , ek, em) =
c−1
4
(δikδjm − δimδjk),
R(ei, ϕej, ek, ϕem) =
c+3
4
δikδjm +
c−1
4
δimδjk +
c−1
2
δijδkm,
(2.4)
the other expressions being equal to zero. The Ricci tensor is given by
ρ(ei, ξ) = ρ(ϕei, ξ) = ρ(ei, ϕej) = 0,
ρ(ξ, ξ) = 2n,
ρ(ei, ej) = ρ(ϕei, ϕej) =
n(c+3)+c−1
2
δij .
(2.5)
The square of the Hilbert-Schmidt norm of R, defined to be
(2.6) ‖R‖2 =
∑
a,b,c,d
g(R(ea, eb)ec, ed)g(R(ea, eb)ec, ed),
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in any orthonormal basis, writes, in the fixed adapted basis, as
‖R‖2 = 2[( c+3
4
)2 + ( c−1
4
)2]
∑
i,j,k,m(δikδjm − δimδjk)2 + 8
∑
ij δij
+4
∑
i,j,k,m(
c+3
4
δikδjm +
c−1
4
δimδjk +
c−1
2
δijδkm)
2
= [ (c+3)
2
8
+ (c−1)
2
8
](2n2 − 2n) + 8n+ 4{ (c+3)2
16
n2 + (c−1)
2
16
n2
+ (c−1)
2
4
n2 + 2 c+3
4
( c−1
4
n + c−1
2
n) + (c−1)
2
4
n}
= [(c−1)
2+(c+3)2]n(n−1)
4
+ (c+3)
2
4
n2 + (c−1)
2
4
(5n2 + 4n) + 3(c+3)(c−1)n
2
+ 8n
= (c+3)
2n(2n−1)
4
+ (c−1)
2n(6n+3)
4
+ 3(c+3)(c−1)n
2
+ 8n.
(2.7)
Furthermore, for the norm of the Ricci tensor, computing
‖ρ‖2 =
∑
a,b
ρ(ea, eb)ρ(ea, eb),
in the adapted basis, one has
(2.8) ‖ρ‖2 = 2
(
n(c+ 3) + c− 1
2
)2
n+ 4n2 .
Summarizing the above computations, by Theorem 1.1 we get the following proposition.
Proposition 2.2. If L is a Riemannian Legendre foliation on a compact (2n + 1)-
dimensional Sasakian manifold of constant ϕ-sectional curvature c, then the spectral in-
variants satisfy:
a0(∆g) = a0 = V olg(M)(2.9)
a1(∆g) = a1 =
n((2n + 1)(c+ 3) + c− 1)
12
V olg(M)(2.10)
a2(∆g) = a2 =
n
1440
(
64− 32n+ (c+ 3)2(−2 + 9n+ 16n2 + 20n3)(2.11)
+(c+ 3)(c− 1)(12 + 2n+ 20n2) + (c− 1)2(2 + 17n)
)
V olg(M)
b0(J∇) = b0 = (n+ 1)V olg(M)(2.12)
b1(J∇) = b1 = (n+ 1)a1 +
∫
M
τ∇dvg(2.13)
b2(J∇) = b2 = (n+ 1)a2 + 1
12
∫
M
(2ττ∇ + 6‖ρ∇‖2 − ‖R∇‖2)dvg .(2.14)
Since the foliation L is assumed to be Riemannian, there exists, locally, a Riemann-
ian submersion whose vertical and horizontal distributions are L and L⊥ = ϕ(L) ⊕ [ξ],
respectively. Let A and T be the O’Neill tensors (see [7], [16, p. 49]).
Proposition 2.3. Let L be a Riemannian Legendre minimal foliation on a Sasakian
manifold with constant ϕ-sectional curvature c. Then
a) τ∇ = 3‖A‖2 + n4 ((c+ 3)(n− 1) + 8);
b) ‖A‖2 = ‖T‖2 + n(c+ 1).
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Proof. Let X, Y ∈ Γ(ϕ(L)⊕ [ξ]). From the theory of Riemannian submersions [7] we have
(2.15) K(X, Y ) = K∇(X, Y )− 3‖AXY ‖2,
where ∇ is the connection associated to TM /L ≃ ϕ(L) ⊕ [ξ], which in the case of a
Riemannian foliation coincides with the connection induced by the Levi-Civita connection
of M on the horizontal distribution.
Fixing an adapted local orthonormal basis of the foliation, by [15], we see the transverse
scalar curvature can be written as
(2.16)
τ∇ =
n∑
i 6=j=1
K(ϕei, ϕej) + 2
n∑
i=1
K(ϕei, ξ) + 3‖A‖2
=
n∑
i 6=j=1
R(ϕei, ϕej , ϕei, ϕej) + 2
n∑
i=1
R(ϕei, ξ, ϕei, ξ) + 3‖A‖2
= c+3
4
n(n− 1) + 2n+ 3‖A‖2 ,
which implies a).
Denoting by τmixed the mixed scalar curvature, defined by
(2.17) τmixed =
n∑
i=1
2n∑
j=n+1
R(ei, fj, ei, fj) +
n∑
i=1
R(ei, ξ, ei, ξ) ,
where fn+i = ϕei, we obtain:
(2.18) τmixed =
∑
i,j
cδij + n = (c+ 1)n .
We denote by H the mean curvature of the leaves. We recall Ranjan’s formula ([13])
(2.19) τmixed = div(H) + ‖H‖2 + ‖A‖2 − ‖T‖2 .
Specializing to the case H = 0, the relations (2.19) and (2.18) simply imply b). 
Theorem 2.4. Let L and L0 be two Riemannian Legendre minimal foliations on com-
pact Sasakian manifolds (M,ϕ, ξ, η, g) and (M0, ϕ0, ξ0, η0, g0). If (M, g) and (M, g0) have
constant ϕ, and ϕ0-sectional curvature c and c0, and if L and L0 are isospectral, then
a) dimM = dimM0, V ol(M) = V ol(M0), c = c0,
b)
∫
M
‖A‖2dvg =
∫
M0
‖A0‖2dvg0, and
c)
∫
M
‖T‖2dvg =
∫
M0
‖T0‖2dvg0.
Proof. By Theorem 1.2i) and ii), we see that n = n0 and Vol(g) = Vol(g0) and∫
M
τ dvg =
∫
M0
τ0 dvg0, and
∫
M
τ∇dvg =
∫
M0
τ0∇0dvg0 .
Therefore by (2.3), we get c = c0, which by Proposition 2.3a) simply implies a). Now, by
Proposition 2.3b) we get b) . 
Corollary 2.5. Under the hypotheses of Theorem 2.4, the following statements hold:
(a) If ϕ(L)⊕ [ξ] is integrable, then so is ϕ(L0)⊕ [ξ].
(b) If L is totally geodesic, then so is L0.
Proof. It is sufficient to observe that A = 0⇒ A0 = 0 and that T = 0⇒ T0 = 0 . 
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3. The invariants b1 and b2
We shall explicitly compute b1, b2 of Proposition 2.2. By Theorem 1.1 and Proposition
2.3 we get
b1(J∇) = n
12
[(c+ 3)(2n2 + 6n− 2) + 3(n+ 1)(c− 1) + 2n] + 3
∫
M
‖A‖2dvg .(3.1)
Now, we proceed to the computation of each term involved in (2.14) of b2. Let (Xi, Uj)
be an orthonormal basis adapted to the foliation with Xi horizontal and Uj vertical. We
introduce the notations from [2]
(AX , AY ) =
∑
i
g(AXXi, AYXi) =
∑
j
g(AXUj , AYUj) ,(3.2)
(TX, TY ) =
∑
j
g(TUjX, TUJY ).(3.3)
Since L is assumed to be minimal, by Proposition 9.36 in [2], we have
(3.4) ρ∇(X, Y ) = ρ(X, Y ) + 2(AX , AY ) + (TX, TY ),
Setting fi = ϕei, for i ∈ {1, . . . , n}, and fn+1 = ξ, we have
(3.5) ‖ρ∇‖2 =
n∑
i,j=1
ρ∇(fi, fj)
2 + ρ∇(ξ, ξ)
2
and we obtain
‖ρ∇‖2 =
n+1∑
i,j=1
ρ(fi, fj)
2 + 2
n+1∑
i,j=1
ρ(fi, fj)[2(Afi , Afj) + (Tfi, T fj)]
+
n+1∑
i,j=1
[2(Afi, Afj ) + (Tfi, T fj)]
2 .
(3.6)
We easily see that
Teiξ = 0, Teiϕej = ϕ(Teiej), Aϕeiϕej = ϕ(Aϕeiej), Aξϕei = ei,
2(Aξ, Aξ) + (Tξ, T ξ) = 2
n∑
i=1
(Aξϕei, Aξϕei) = 2n.
We also know from (2.5) that
ρ(ξ, ξ) = 2n
n∑
i,j=1
ρ(fi, fj)
2 =
[
n(c + 3) + c− 1
2
]2
n.
Setting
l =
n+1∑
i,j=1
ρ(fi, fj)
2,
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we obtain:
‖ρ∇‖2 = l + 2
∑
i,j
n(c+3)+c−1
2
δij
[
2(Afi, Afj ) + (Tfi, T fj)
]
+2(2n)2 +
n+1∑
i,j=1
[
2(Afi, Afj) + (Tfi, T fj)
]2
= (l + 8n2) + (n(c+ 3) + c− 1) [2‖A‖2 + ‖T‖2]
+
n+1∑
i,j=1
[
2(Afi, Afj ) + (Tfi, T fj)
]2
.
(3.7)
Proposition 3.1. If L is a Riemannian foliation on (M, g), then
(3.8)
n∑
i=1
R(X, ei, Y, ei) =
1
2
(g(∇MY H,X) + g(∇MXH, Y )) + (AX , AY )− (TX, TY ),
where ∇M is the Levi-Civita connection of (M, g), H is the mean curvature of the leaves,
(e1, . . . , en) is a local basis of the vertical distribution L, and X, Y are horizontal.
Proof. From the theory of Riemannian submersions, for any horizontal vectors X, Y and
vertical vector U , we have
R(X,U, Y, U) = g((∇MX T )UU, Y )− g(TUX, TUY ) + g((∇MU A)XY, U) + g(AXU,AYU).
Therefore
n∑
i=1
R(X, ei, Y, ei) =
n∑
i=1
(g((∇MX T )eiei, Y )− g(TeiX, TeiY )
+g((∇Mei A)XY, ei) + g(AXei, AY ei)).
The covariant derivative of T satisfies∑
i
g((∇MX T )eiei, Y ) = g(∇MXH, Y )−
∑
i
g(Tv(∇M
X
ei)ei, Y )−
∑
i
g(Teiv(∇MX ei), Y )
= g(∇MXH, Y )− 2
∑
i
g(Teiv(∇MX ei), Y ) ,
since TUW = TWU and
∑
i Teiei = H .
Setting
v(∇MX ei) =
∑
j
hijej
we note that
hij = g(v(∇MX ei), ej) = X(g(ei, ej))− g(ei,∇MX ej) = −g(ei, v(∇MX ej)) = −hji;∑
i,j
g(Teihijej , Y ) =
∑
i,j
hijg(Teiej, Y ) = 0;
∑
i
g((∇Mei A)XY, ei) =
1
2
(
g(∇MY H,X)− g(∇MXH, Y )
)
.
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Therefore ∑
iR(X, ei, Y, ei) = g(∇MXH, Y )− (TX, TY ) + (AX , AY )
+1
2
(g(∇MY H,X)− g(∇MXH, Y )),
(3.9)
and (3.8) follows. 
From (3.9), one can obtain the following proposition.
Proposition 3.2. If L is a Riemannian foliation with minimal leaves then
(3.10)
n∑
k=1
R(fi, ek, fj , ek) = (Afi , Afj)− (Tfi, T fj).
Now, we consider a Riemannian Legendre foliation with minimal leaves on a Sasakian
manifold M of constant ϕ-sectional curvature c and we fix a local orthonormal basis
(ei, fi, fn+1) adapted to the foliation, that is fn+1 = ξ and fi = ϕei for any i ∈ {1, . . . , n}
and {e1, . . . , en} is a local basis of a leaf L.
Setting
S(fi, fj) =
n∑
k=1
R(fi, ek, fj , ek)
and using relations (2.4), we obtain that
S(ϕei, ξ) =
n∑
k=1
R(ϕei, ek, ξ, ek) = 0,
S(ξ, ξ) = n, S(fi, fj) = S(ϕei, ϕej) = dδij,
where d = c+3
4
n + 3(c−1)
4
.
By Proposition 2.3b) and equations (3.7) and (3.10), it follows:
‖ρ∇‖2 = (l + 8n2) + [n(c + 3) + c− 1][3‖A‖2 − c(n+ 1)]
+
n+1∑
i,j=1
[3(Afi, Afj )− S(fi, fj)]2.
(3.11)
Denoting by E the last sum of the previous relation, we have:
E =
n∑
i=1
[3(Aϕei, Aϕei)− d]2 + [2(Aξ, Aξ) + (Tξ, T ξ)]2 + 2
n+1∑
i<j
[3(Afi, Afj )]
2
= 9
n∑
i=1
(Aϕei, Aϕei)
2 + d2n− 6d
n∑
i=1
(Aϕei, Aϕei) + 4n
2 + 18
n+1∑
i<j
(Afi , Afj)
2.
(3.12)
Summarizing, we conclude:
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Proposition 3.3. Under the hypothesis of Proposition 2.2, the following holds
‖ρ∇‖2 = 9
n∑
i=1
(Aϕei, Aϕei)
2 + 18
n+1∑
i<j
(Afi, Afj )
2(3.13)
+nd(d+ 6)− 6d‖A‖2 + 16n2
+ (n(c+ 3) + c− 1) (3‖A‖2 − c(n+ 1))
+n
(
n(c+ 3) + c− 1
2
)2
,
where d = c+3
4
n+ 3(c−1)
4
.
To compute ‖R∇‖2, we notice that
R∇(fi, fj, fk, fl) = R(fi, fj, fk, fl) + 2g(Afifj , Afkfl)
−g(Afjfk, Afifl)− g(Afkfi, Afjfl) ,
we consider the following tensor of type (0, 4) associated to the horizontal distribution
V (X, Y, Z, Z ′) = 2g(AXY,AZZ
′)− g(AYZ,AXZ ′)− g(AZX,AY Z ′)
and we set
‖V ‖2 =
n+1∑
i,j,k,l=1
V (fi, fj , fk, fl)
2.
We can write:
‖R∇‖2 =
n+1∑
i,j,k,l=1
(R∇(fi, fj, fk, fl))
2
=
n+1∑
i,j,k,l=1
(R(fi, fj, fk, fl))
2 + 2
n+1∑
i,j,k,l=1
R(fi, fj, fk, fl){2g(Afifj, Afkfl)
−g(Afjfk, Afifl)− g(Afkfi, Afjfl)}+ ‖V ‖2 .
Then
l′ =
n+1∑
i,j,k,l=1
R(fi, fj , fk, fl)
2(3.14)
=
n∑
i,j,k,l=1
R(ϕei, ϕej, ϕek, ϕel)
2 + 4
n∑
i,k=1
R(ϕei, ξ, ϕek, ξ)
2
= (
c+ 3
4
)2
n∑
i,j,k,l=1
(δjkδil − δikδjl)2 + 4
∑
i,k
δ2ik
=
(c+ 3)2
16
[2n2 − 2
∑
i,j
δij ] + 4n =
(c+ 3)2(n− 1)n
8
+ 4n ,
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and thus,
‖R∇‖2 = l′ + 2
n∑
i,j,k,l=1
c+ 3
4
(δikδjl − δilδjk)[2g(Aϕeiϕej , Aϕekϕel)
−g(Aϕejϕek, Aϕeiϕel)− g(Aϕekϕei, Aϕejϕel)]
+8
∑
i,k
R(ϕei, ξ, ϕek, ξ)[2g(Aϕeiξ, Aϕekξ)− g(Aξϕek, Aξϕei)]
= l′ + ‖V ‖2 + 2c+ 3
4
∑
i,j
[2g(Aϕeiϕej, Aϕeiϕej)
−g(Aϕejϕei, Aϕeiϕej)− g(Aϕeiϕei, Aϕejϕej)]
−2c+ 3
4
∑
i,j
[2g(Aϕeiϕej, Aϕejϕei)
−g(Aϕejϕej , Aϕeiϕei)− g(Aϕejϕei, Aϕejϕei)] + 24n
= l′ + 24n− 3n(c+ 3) + 3(c+ 3)‖A‖2 + ‖V ‖2 .
Therefore
(3.15) ‖R∇‖2 = (c+ 3)
2(n− 1)n
8
− 3n(c+ 3) + 28n+ 3(c+ 3)‖A‖2 + ‖V ‖2 .
On the other hand, we get
∑
j V (fi, fj , fk, fj) =
∑
j [2g(Afifj , Afkfj)− g(Afjfk, Afifj)− g(Afkfi, Afjfj)]
= 3
∑
j g(Afifj , Afkfj) = 3(Afi, Afk) ,
and thus
(3.16) (C24V )(fi, fk) = 3(Afi, Afk) ,
where C24 denotes the contraction of the tensor with respect to the indices 2 and 4. The
Hilbert-Schmidt norm of the (0, 2) tensor C24V along the horizontal distribution satisfies
‖C24V ‖2 = 9
n∑
i=1
(Aϕei, Aϕei)
2 + 18
n+1∑
i<j
(Afi , Afj)
2 + 9n2.(3.17)
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Summarizing, by Proposition 2.2, we obtain that
b2 = (n+ 1)a2 +
1
12
∫
M
2ττ∇ + 6‖ρ∇‖2 − ‖R∇‖2dvg(3.18)
= (n+ 1)a2 +
1
12
∫
M
6‖(C24V )‖2 − ‖V ‖2dvg
+
((c+ 3)(−3 + 12n+ 6n2) + (c− 1)(−9 + 3n))
12
∫
M
‖A‖2dvg
+
Volg(M)
12
(
42n2 − 28n+ (c+ 3)n(3 + 11n+ 4n2)
+
1
8
(c+ 3)2n(−11− 15n+ 13n2 + 4n3)
+(c− 1)n(27 + 2n) + 1
8
(c− 1)2(−36 + 3n)
+
1
4
(c+ 3)(c− 1)(−6− 24n+ 2n2 + n3)
)
.
By (3.18) and Theorems 1.1, 1.2, 2.4, we now get our main result.
Theorem 3.4. Let (M2n+1, ϕ, ξ, η, g) and (M2n0+10 , ϕ0, ξ0, η0, g0) be compact isospectral
Sasakian manifolds with constant ϕ-sectional curvature c and constant ϕ0-sectional cur-
vature c0 respectively. If L and L0 are Riemannian minimal Legendre foliations on M
and M0 such that Spec(L,J∇) = Spec(L0,J∇0), then
1) dim M = dim M0 , V ol(M) = V ol(M0) , c = c0,
2)
∫
M
‖A‖2dvg =
∫
M0
‖A0‖2dvg0 ,
∫
M
‖T‖2dvg =
∫
M0
‖T0‖2dvg0,
3)
∫
M
[6‖C24V ‖2 − ‖V ‖2]dvg =
∫
M0
[6‖C24V0‖2 − ‖V0‖2]dvg0.
4. Concluding remarks
Let L be a Riemannian Legendre foliation with totally geodesic leaves on (M, g) and
assume that M has the constant curvature c = 1 and that 2n + 1 = dimM . In this
particular case, we would like to point that the condition 3) of Theorem 3.4 is implied by
1). Indeed, for any Riemannian totally geodesic foliation L on a constant curvature space
M with dimQ = dimL+ 1, one can see that
g(AYW,AYW ) = g(Y, Y )g(W,W ), for any W ∈ L and for any Y ∈ Q,
AX : L→ Q⊥X = {Y ∈ Q | g(Y,X) = 0} is a bijection for any unit vector X , and R∇ has
the constant curvature 4 (see the argument of [1, Prop. 4.6]). Thus, we simply have
(Aϕei , Aϕei) =
n∑
k=1
g(ϕei, ϕei)g(ek, ek) = n,
(Afi, Afj ) =
n+1∑
k=1
g(fi, fj)g(ek, ek) = 0, for any i < j,
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and therefore, by (3.17), ‖C24V ‖2 = 18n2. We easily see that
‖V ‖2 =
n+1∑
i,j,k,l=1
V (fi, fj , fk, fl)
2 =
n+1∑
i,j,k,l=1
(R∇(fi, fj, fk, fl)− R(fi, fj, fk, fl))2
=
n+1∑
i,j,k,l=1
[(4− 1)(δikδjl − δilδjk)]2 = 18n2 + 18n.
This concludes that∫
M
[6‖C24V ‖2 − ‖V ‖2]dvg = (90n2 − 18n)V ol(M).(4.1)
Example 1. Let (S3, ϕ, ξ, η, g) be the standard contact metric structure on S3, which we
now recall. Let H = {x1+ ix2+ jx3+kx4 | x1, x2, x3, x4 ∈ R} be the algebra of quaternion
numbers, where i2 = j2 = k2 = −1, ij = −ji = k. The set of unit quaternions is identified
with S3. Let (I, J,K) be the quaternionic structure on H given for I, J,K : H → H, by
I(h) = ih, J(h) = jh, K(h) = kh for any h ∈ H. Let N be the unit outer normal vector
field on S3 and let g be the Riemann metric with constant curvature c = 1. We set
ξ = −IN , η the dual form of ξ; ϕ(Z) the projection of I(Z) onto tangent space of S3, for
any vector field Z of S3. Note that (ϕ, ξ, η, g) is the standard contact metric on S3 and
the its ϕ-sectional curvature is c = 1.
Let (x1, x2, x3, x4) be the Cartesian coordinate system on R
4 = H. It is easy to see that
ξ = x2
∂
∂x1
− x1 ∂
∂x2
+ x4
∂
∂x3
− x3 ∂
∂x4
.
Setting W = −JN and Y = −KN , we have
W = x3
∂
∂x1
− x4 ∂
∂x2
− x1 ∂
∂x3
+ x2
∂
∂x4
;
Y = x4
∂
∂x1
+ x3
∂
∂x2
− x2 ∂
∂x3
− x1 ∂
∂x4
.
One can easily compute the Lie brackets between these vectors: [W, ξ] = −2Y , [Y, ξ] =
2W , [W,Y ] = 2ξ (see [10]). The distributions L = span{W} and L′ = span{Y } define
two non-degenerate Legendre foliations (see [10, Example 7.1]). Since [W,Y ] = 2ξ and
ϕ(W ) = Y , by [10, Lemma 6.6], L and L′ are Riemannian Legendre foliations on the
Sasakian space form S3 and both of them are totally geodesic. By theorem 3.4, any
Riemannian minimal Legendre foliations on a compact Sasakian space form M0 with
ϕ0-sectional curvature c0, isospectral to the foliation L (defined above) on the standard
Sasakian space form (S3, ϕ, ξ, η) is totally geodesic, c0 = 1, dimM0 = 3, and∫
M
[6‖C24V ‖2 − ‖V ‖2]dvg = 72Vol(M0) = 72Vol(M),
∫
M
‖A‖2dvg = 2V ol(M).
It is well known that a typical example of a Sasakian space form is a D-homothetic
deformation of the standard contact metric structure of an odd-dimensional sphere S2n+1,
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which we now recall (see [4, Example 7.4.1]). For a contact metric structure (ϕ, ξ, η, g),
one defines the D-homothetic deformation (ϕ¯, ξ¯, η¯, g¯) by
ϕ¯ = ϕ, ξ¯ =
1
a
ξ, η¯ = aη, g¯ = ag + a(a− 1)η ⊗ η,
where a is a positive constant (see [4, p. 114]). By [4, Theorem 7.15], a compact simply
connected Sasakian space form with ϕ-sectional curvature c > −3 is a D-homothetic
deformation of the standard contact metric structure on S2n+1 and c = 4
a
− 3 (for some
a > 0). Since Ker η¯ = Ker η, the problem of finding Riemannian Legendre foliations on
such a compact Sasakian space form (with c > −3) reduces to the one on the standard
sphere S2n+1 (i.e. c=1).
Case n = 1. One can apply a D-homothetic deformation to Example 1 to obtain an
example for any c > −3.
Case n = 2. From [9], there are no Riemannian foliations with two-dimensional leaves
on a standard sphere, which in particular means that there are no Riemannian Legendre
foliations on S5.
Case n = 3. By [9, Theorem 5.3], we get, in particular, that any Riemannian foliation
with 3-dimensional leaves on S7 is given uniquely (up to equivalence) by a direct sum of
irreducible unitary representations of SU(2), namely ρ1 ⊕ ρ1, or by ρ3, where ρk is the
action of SU(2) on the set of complex homogeneous polynomials in two variables of degree
k.
Note that ρ1 ⊕ ρ1 corresponds to the Hopf fibration S7 → S4 (see [9]), which is not a
Legendre foliation. In fact, no leaf of ρ1⊕ρ1 is Legendrian, simply because L, the tangent
distribution of the leaves, is generated by −ξ = IN , JN , KN , where (I, J,K) is the
standard quaternionic structure on H2 = R8 and N is the unit outer vector field to S7
(see [6, p. 265]).
In [12, p. 365], Ohnita constructed a unique minimal Legendrian orbit on S7 under the
action of ρ3, which means that only one leaf of the Riemannian foliation given by ρ3 on S
7
is both minimal and Legendrian. This concludes that ρ3 does not provide a Riemannian
Legendre foliation with minimal leaves.
Finally, another typical example of a Riemannian Legendre foliation with totally geo-
desic leaves is given by the tangent sphere bundle pi : T1P → P of a Riemannian manifold
(P, h). Assume that T1P is endowed with the standard contact metric structure.
If dimP > 2, then T1P is never a Sasakian space form (see [5]). Note that if P has
constant curvature, then T1P admits a non-Sasakian contact metric structure of constant
ϕ-sectional curvature c2 if and only if c = 2±√5 (see [4, Theorem 9.9]).
If dimP = 2 and if T1P is a Sasakian space form, then P has constant curvature c = 1
(see [4, Theorem 9.3]). Note that T1S
2 ≃ RP 3 (see [4, p. 142]) and the Riemannian
Legendre foliation on the universal cover of T1S
2 is equivalent to Example 1.
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